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The growth in the demand for precisely crafted many-body systems of spin-1/2 particles/qubits
is due to their top-notch versatility in application-oriented quantum-enhanced protocols and the
fundamental tests of quantum theory. Here we address the question: how quantum is a chain of
spins? We demonstrate that a single element of the density matrix carries the answer. Properly
analyzed it brings information about the extent of the many-body entanglement and the non-locality.
This method can be used to tailor and witness highly non-classical effects in many-body systems with
possible applications to quantum computing, ultra-precise metrology or large-scale tests of quantum
mechanics. As a proof of principle, we investigate the extend of non-locality and entanglement in
ground states and thermal states of experimentally accessible spin chains.
I. INTRODUCTION
An ensemble of spin-1/2 particles is a paradigm of
a complex many-body quantum system—an ideal probe
of various aspects of the theory, ranging from quantum
phase transitions [1] to many-body entanglement [2] or
the non-locality [3]. Correlated states of many qubits
are at the core of quantum-enhanced metrology [2, 4],
quantum-information processing [5] and tests of founda-
tions of quantum mechanics. The quantum information
aspects play also an increasingly important role in the
condensed matter physics [6]. The experimental advances
in the field of quantum simulators made it possible to pre-
pare, control and measure with a great precision quan-
tum many-body states [7]. The expanding toolbox in-
cludes ultra-cold atoms [8–15], trapped ions [16–22] and
super-conducting qubits [23–25] among others.
Given the growing interest it is relevant to adequately
characterize the quantum features of a multi-qubit state.
What can we learn about the system given a value of
some correlation function? Is it really quantum or can it
be reproduced with some rather classical ensemble? Here
we address these questions in a systematic way relevant
for experimentally realisable systems of dozens of spins.
Many powerful measures of entanglement, like the entan-
glement entropy [6, 26–32] or negativity [33–35], require
detailed knowledge of the density matrix which makes
their experimental measurements challenging [36, 37]. In
this work we propose an alternative approach. We show
that a single element of the density matrix—related to
the formation probability [38–41]— carries precise in-
formation about the many-body entanglement [42] and
the ultra-quantum Bell non-locality [43–45]. The exper-
imental implementation of the devised protocol requires
single-atom resolved spectroscopy which is within the
range of experimental techniques [46] and should allow
for testing entanglement and non-locality in correlated
systems.
In this work we focus on the paradigmatic and ex-
perimentally accessible quantum Ising model [47–50],
the XXZ spin chain [51, 52] and the Majumdar-Ghosh
model [53, 54]. Our aim is in understanding the extend
of entanglement and non-locality in the groundstates of
short chains. For example, to distinguish the situation in
which the 6-spin ground state of the Ising chain is actu-
ally a state where the entanglement/non-locality extends
over all spins (6-partite entanglement [55, 56]), from a
state in which the mutual quantum correlation extends
only over 4 spins. Besides enriching our understanding
of quantum correlated states of matter, such information
should be useful in optimisation of numerical approaches
like Density Matrix Renormalisation Groups [57, 58] and
related methods [59, 60].
The quantum information backbone of our work re-
lies on a class of Bell inequalities, which make no as-
sumption on the number of particles/subsystems or on
how the local outcomes are bounded, introduced by Cav-
alcanti and collaborators [61] (see also [62, 63]). We
briefly review the derivation of this inequality in Sec-
tion II, which can be used to detect both the entan-
glement and non-locality. We also show an important
property of this correlator—it extracts the entanglement
and the non-locality from a single element of the den-
sity matrix. Next, we show that the value of this ele-
ment allows to track how the entanglement/non-locality
spread over the many-body system. Though experi-
mental measurements of high-order correlation functions
are difficult, recent years fruited in a number of detec-
tion schemes with an efficiency at the level of a single
atom/ion [46, 64–67]. Therefore, the hierarchical method
for testing entanglement/non-locality in systems of grow-
ing complexity could be gradually tested in coming ex-
periments. In Section III we apply this tool to analyze
the build-up of many-body entanglement/non-locality in
a spin chain described by various physical Hamiltonians,
both in the ground and thermal state. Finally, we con-
clude in Section IV. Some details of the analytical calcu-
lations are presented in the Appendices.
II. THE BELL INEQUALITY FOR N QUBITS
We consider a system composed of N parts. Measure-
ments of each yield two binary outcomes σ(k)x = ±1 and
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(k)
y = ±1 (with k = 1 . . . N). We introduce a correlator
CN =
〈
σ(1) · . . . σ(N)
〉
, (1)
where σ(k) = 12 (σ
(k)
x + iσ
(k)
y ). The “+” sign here can
be changed to “−” independently for each party and the
arguments that follow hold. If the above mean can be
reproduced with a probability distribution p(λ) of a ran-
dom (hidden) variable λ, that correlates the outcomes in
a classical way, i.e.,
CN =
∫
dλ p(λ)σ(1)(λ) · . . . · σ(N)(λ), (2)
then the correlator is consistent with a local hidden-
variable theory (LHV). Using a Cauchy-Schwarz inequal-
ity (CSI) we obtain the following Bell inequality [61, 68]
for EN = |CN |2:
EN 6
∫
dλ p(λ)|σ(1)(λ)|2 · . . . · |σ(N)(λ)|2 = 2−N , (3)
where the last step is a consequence of
∣∣σ(k)(λ)∣∣2 =
1
2 . If we consider quantum-mechanical systems, then
σ(k)(λ)’s are replaced by the Pauli rising operators for
each qubit/spin-1/2 particle. The Bell inequality reads
EN =
∣∣∣∣∣
〈
N⊗
k=1
σˆ
(k)
+
〉∣∣∣∣∣
2
6 2−N . (4)
The breaking of this inequality proofs that spins form a
non-local state. If we take a separable state of N qubits
%ˆN =
∫
dλ p(λ)
N⊗
k=1
%ˆ(k)(λ), (5)
then using Tr
[
%ˆ(k)(λ)σˆ
(k)
+
]
=
∣∣∣〈σˆ(k)+ 〉∣∣∣2
λ
6 14 we obtain
another, less restrictive bound
EN 6
∫
dλ p(λ)
N∏
k=1
∣∣∣〈σˆ(k)+ 〉∣∣∣2
λ
6 2−2N , (6)
breaking of which signals that qubits form a non-
separable state [63].
Note that, according to (4), EN = |%a,b|2, where
%a,b is a component of the density matrix that couples
|ψa〉 ≡ | ↑1, . . . , ↑N 〉 with |ψb〉 ≡ | ↓1, . . . , ↓N 〉, while
σˆ
(k)
+ | ↓k〉 = | ↑k〉. This is an important observation—the
EN extracts entanglement and non-locality from a single
element of the density matrix. Moreover, this leads to a
size-independent upper bound
EN = |%a,b|2 6 %a,a%b,b 6 1
4
, (7)
which implies that the inequality (6) can be violated
starting already from N = 2, while the inequality (4)
from N = 3. Both are saturated by the maximally en-
tangled GHZ state
|ψ〉 = 1√
2
(| ↑〉⊗N + | ↓〉⊗N) . (8)
We now argue that the value of EN carries detailed in-
formation on the multiparticle entanglement and non-
locality. We illustrate this with three densities matrices
of different character.
A. Many-body entanglement and non-locality
In the first example we consider a system, where out
of N spins, two form an entangled state, and the other
N − 2 are separable, i.e.,
%ˆN =
∫
dλ p(λ)
(
N−2⊗
k=1
%ˆ(k)(λ)
)
⊗ %ˆ2(λ). (9)
(The lower index of the density matrix is the number
of spins it describes, while the upper index (k) labels a
single k-th spin.) For this density matrix, the correlator
EN can be bounded using the CSI as follows
EN 6
∫
dλ p(λ) EN−2(λ)
∫
dλ p(λ) E2(λ)
6 4−(N−1), (10)
where EN−2(λ) is calculated with the product state of
N − 2 spins, ⊗N−2k=1 %ˆ(k)(λ), and E2(λ) is the two-spin
correlator calculated with the density matrix %ˆ2(λ). In
the last step we used the upper bound from Eq. (7). In-
equality (10) is saturated by a product of a two-spin GHZ
state (8) and N − 2 states
|ψk〉 = 1√
2
(|↑k〉+ eiϕk |↓k〉) , (11)
where ϕk is an arbitrary phase. The violation of the
bound (10), more stringent than (6), signals that the
entanglement extends either over more pairs than just
one or over more than a pair (three-spin entanglement or
more).
As a second example, we analyse the state with pair-
wise entangled spins, which reads
%ˆN =
∫
dλ p(λ)
N
2⊗
k=1
%ˆ
(k)
2 (λ), (12)
where %ˆ(k)2 (λ) is a density operator of the k-th pair (we
took N even for simplicity). In this case EN 6 4−N2 and
if violated, the state is at least three-spin entangled.
Finally, if all-but one spin form a N−1 entangled state,
separable with the N -th spin,
%ˆN =
∫
dλ p(λ) %ˆN−1(λ)⊗ %ˆ(N)(λ), (13)
3then EN < 116 . Values of the correlator from the range
] 116 ,
1
4 ] would imply then the N -particle entanglement.
Similarly, the value of EN brings information about the
extend of non-local correlations in the spin system. For
instance, when the correlation among no more than three
out of N spins cannot be explained with a LHV theory,
then, in analogy to Eq. (10)
EN 6
∫
dλ p(λ) EN−3(λ)
∫
dλ p(λ) E3(λ) 6 2−(N−1).
(14)
Here we used the fact that for the locally correlated N−3
spins, EN−3(λ) 6 2−(N−3), while E3(λ) 6 2−2. When the
non-local correlation extends over N − 1 spins but not
over the N -th, then EN 6 18 . Similarly to the entan-
glement witness, values EN ∈] 18 , 14 ] are accessible only to
systems where the non-locality encompasses all the spins.
III. APPLICATION TO MANY-BODY PHYSICS
We now illustrate these general considerations with
some prominent examples of spin-chain systems. In this
context, the correlators of type Em are known as forma-
tion probabilities (FP)
Em =
∣∣∣〈σˆ(1)± ⊗ σˆ(2)± ⊗ σˆ(3)± . . .⊗ σˆ(m)± 〉∣∣∣2 , (15)
where the expectation value is computed in a system con-
sisting of N spins, and the average is taken, for exam-
ple, in a ground state of some Hamiltonian. Formation
probabilities in spin-chains have been studied for some
time [38–41, 69–74] with the focus on behaviour of Em
in the thermodynamically large system. Here, instead
we focus on finite systems and, even more importantly,
we build upon the hierarchy introduced in the previous
section to develop detailed ”tomography” of the entan-
glement and non-locality in the ground states of experi-
mentally relevant Hamiltonians.
The choice of the signs in (17) should maximize the
correlator and can be motivated by the expected struc-
ture of correlations in the considered state. In practice,
the adequate correlator can be chosen by looking at the
largest off-diagonal value of the density matrix in the lo-
cal spin basis, with e.g. exact diagonalization.
We start with the Ising Hamiltonian (with open bound-
ary conditions) in the antiferromagnetic phase
Hˆ =
N−1∑
j=1
σˆ(j)z σˆ
(j+1)
z + g
N∑
j=1
σˆ(j)x . (16)
Here, the control parameter g is the magnitude of the
external magnetic field in the x-direction. We solve the
model numerically by doing the exact diagonalization of
the Hamiltonian for N=6. We adjust the form of the
correlator from Eq. (4) to detect the quantum properties
FIG. 1. Correlators Em form = 2 . . . 5 as a function of g calcu-
lated with the ground state of the Ising Hamiltonian (16) for
N = 6. The horizontal dashed lines denote the entanglement
bound 4−m (red) and the non-locality bound 2−m (blue).
in this aniferromagnetic phase. This is done by taking the
rising/lowering operators alternating from site to site,
Em =
∣∣∣〈σˆ(1)+ ⊗ σˆ(2)− ⊗ σˆ(3)+ . . .⊗ σˆ(m)± 〉∣∣∣2 . (17)
with five possibilities: m ∈ [2, 6]. Fig. 1 shows the first
four correlators as a function of g ∈ [0, 5] with entan-
glement (4−m) and non-locality (2−m) bounds marked.
While the appearance of entanglement is witnessed by
Em starting from the lowest order m = 2, the Bell cor-
relations are detected only at m = 5. All the correlators
drop to zero as g → 0. This is because for the vanishing
magnetic field, the ground state is a superposition of two
anti-ferromagentic states
|ψ〉 = 1√
2
(|↑↓, . . .〉+ |↓↑, . . .〉) . (18)
Tracing out a single spin from such a maximally entan-
gled state gives a classical mixture, with no quantum
features. When g  1, the ground state is that of the
non-interacting spins, which explains why all the correla-
tors drop as g grows and ultimately tend to 4−m. We also
observe that the Bell correlations are persistent around
the critical point g = 1 of the quantum phase transition
in quantum Ising chain. In the region of a phase transi-
tion the correlation length is large (approaching infinity
in the thermodynamically large system). In such situa-
tion tracing out part of the system does not destroy the
correlations within the subsystem what allows for Em to
stay large. This analysis suggests the hierarchy of Em’s is
an appropriate tool for exploring entanglement and non-
locality around the quantum phase transitions.
The m = 6 case is shown separately in Fig. 2. The E6
reaches its maximal value for g = 0 as it detects the quan-
tum properties of the fully entangled state (18). We mark
not only the entanglement- and the non-locality-lower
bound (4−6 and 2−6) but also all the other limits derived
from the considerations introduced in Eqs (9)-(14). This
4 
FIG. 2. The full six-spin correlator E6 (solid black line) cal-
culated with the groundstate of the Hamiltonian (16) as a
function of g. The horizontal red (entanglement) and blue
(non-locality) dashed lines separate regions, where E6 can be
reproduced with a spin system with a specific multiparticle
correlation, see the main text for an explanation.
figure should be read as follows. When E6 < 4−6, the
correlation can be reproduced with a separable state of
6 spins (all six arrows on the RHS of the plot unboxed).
When E6 ∈]4−6, 4−5[, the correlation can be reproduced
with a setup, where two spins are entangled and other
four form a separable state (2x1x1x1x1: two spins in a
box, other unboxed). This is the most classical two-spin
entangled state. Higher two-spin entangled states can
be used to explain the correlation strength in the range
E6 ∈]4−5, 4−4[ (2x2x1x1) or E6 ∈]4−4, 4−3[ (2x2x2). All
other cases are visually shown on the RHS of Fig. 2.
Similarly, when E6 < 2−6, the correlator can be modelled
with a full LHV theory. When E6 ∈]2−6, 2−5[, at least
two spins are non-locally correlated, and so forth.
1. The Ising model with long range interactions
We now test the impact of longer-range interactions on
the quantum correlations. To this end, we include a term
which connects every spin with the next-to-adjacent one,
Hˆ =
N−1∑
j=1
σˆ(j)z σˆ
(j+1)
z + g
N∑
j=1
σˆ(j)x +K
N−2∑
j=1
σˆ(j)z σˆ
(j+2)
z .
(19)
We expect that turning on ferromagnetic (K < 0) inter-
action should strengthen the entanglement in the ordered
(g < 1) phase and weaken it if the interaction is anti-
ferromagnetic (K > 0) and competes with the nearest
neighbour interaction. Fig. 3 compares the E6 for K = 0
and K = ±0.4 and confirms these expectations. Turning
on the K parameter allows us also to study more deeply
the relation between the hierarchy of the correlations and
the quantum phase transition. The position of the crit-
ical point, for the competing interaction (K > 0), was
studied before [75–77] with the conclusion that for inter-
mediate values of K < 0.5 the critical point is given by
FIG. 3. The correlator E6 calculated with the Hamilto-
nian (19) for K = 0 (solid black line), K = 0.4 (dashed)
and K = −0.4 (dot-dashed).
gc = 1 − 2K. From Fig. 1 we observe that for the sys-
tem size N = 6, the correlator E3 has a maximal value
close to the critical point gc = 1 of a short range Ising
model. Guided by this observation we perform the finite-
size scaling of the position of the maximum of EN/2 for
chains of length N = 8, 12, 16, 20 and for different values
of K. The results are presented in Fig. 4 and show that
maximum of EN/2 coincides with the position of the phase
transition. We note however, that EN/2 does not seem to
exhibit a singularity at the critical point and therefore is
not a standard order parameter [1].
The results for the Ising models show how the hierar-
chy of the correlation can be exploited to understand the
quantum features of the many-body ground states ex-
tending from the detailed tomography of entanglement
and non-locality to the detection of quantum phase tran-
sitions. In the remainder of the paper we will examine
two more models, the XXZ spin chain and the Majumdar-
Ghosh model both enjoying analytical computation of the
correlations. In the former case we will explore the effect
of the finite temperature on the hierarchy and show that
the correlations are naturally expressible in the language
of the Bethe Ansatz solution. In the latter, the valence
bound structure of its ground state brings intuitive un-
derstanding when to expect strong correlations.
A. The XXZ quantum spin chains
As another emblematic spin-chain system we consider
the XXZ model [38] with the Hamiltonian
Hˆ =
N∑
j=1
(σˆ(j)x σˆ
(j+1)
x + σˆ
(j)
y σˆ
(j+1)
y + ∆σˆ
(j)
z σˆ
(j+1)
z ), (20)
where ∆ is the anisotropy parameter and we assume the
periodic boundary conditions. ∆ = 1 corresponds to the
SU(2) symmetric XXX model while for ∆ = 0 it simpli-
fies to the XX Hamiltonian, equivalent to free fermions.
Finally, for ∆→ ±∞ one obtains the Ising model at zero
5FIG. 4. Blue dots are results of finite size scaling of the po-
sition of the maximum of EN/2 using N = 8, 12, 16, 20 (an
inset shows an example of scaling for K = 0.3). The red line
denotes the quantum phase transition separating the antifer-
romagnetic phase from paramagnetic [75–77]. The error bars
comes from the linear fit estimation of the finite size scaling.
The shaded region in the inset represents the 0.9 confidence
interval.
magnetic field. The XXZ Hamiltonian exhibits quantum
phase transitions at ∆ = ±1 separating a ferromagnetic
phase (∆ < −1) from paramagnetic (|∆| < 1) and an-
tiferromagnetic (∆ > 1). We focus on the regime with
∆ > −1 and start with analysing an exact solution with
N = 4.
1. 4-spin chain
The XXZ Hamiltonian is exactly solvable by the Bethe
Ansatz methods for any N . Particularly simple solution,
not relying on the Bethe Ansatz technique, exists forN =
4. We will analyze this special case as it allows to easily
include thermal effects. Using the thermal density matrix
%ˆT =
1
Z
∑
n
e−βEn |ψ(n)〉〈ψ(n)|, (21)
where the summation runs through all the eigen-levels
(Hˆ|ψ(n)〉 = En|ψ(n)〉) of the 4-spin Hamiltonian from
Eq. (20) and β = (kBT )−1, [T is the temperature, kB the
Boltzmann constant and Z is the statistical sum]. The
spectrum consists of 16 states out which 3 have non-zero
expectation values∣∣∣〈E±|σˆ(1)+ σˆ(2)− σˆ(3)+ σˆ(4)− |E±〉∣∣∣ = 14
∣∣∣∣1∓ ∆√8 + ∆2
∣∣∣∣ , (22a)∣∣∣〈E∆|σˆ(1)+ σˆ(2)− σˆ(3)+ σˆ(4)− |E∆〉∣∣∣ = 12 , (22b)
where Hˆ|E±〉 = E±|E±〉 and Hˆ|E∆〉 = −∆|E∆〉 with
E± =
1
2
(
−∆±
√
8 + ∆2
)
, (23)
FIG. 5. E4 from Eq. (28) as a function of ∆ for β = 10 (solid),
β = 5 (dotted), β = 2 (dashed) and β = 1 (dot-dashed).
and |E−〉 being the ground state for ∆ > −1. In the local
spin basis these states are
|E±〉 = N±
(
∆±√8 + ∆2
2
√
2
|AF2〉+ |AF 〉
)
, (24)
|E∆〉 = 1√
2
(|↑↓↑↓〉 − |↓↑↓↑〉) , (25)
with
|AF2〉 = 1
2
(|↑↑↓↓〉+ |↓↑↑↓〉+ |↓↓↑↑〉+ |↑↓↓↑〉) , (26)
|AF 〉 = 1√
2
(|↑↓↑↓〉+ |↓↑↓↑〉) , (27)
and N± appropriate normalization factors. The partition
function reads
E4 = 1Z2
[
− e
−β(∆+√8+∆2)
2
+
1
4
(
1 +
∆√
8 + ∆2
)
+
1
4
(
1− ∆√
8 + ∆2
)
e−2β
√
8+∆2
]2
, (28a)
Z = 1 + e−β(E+−E−) + e−β(−∆−E−) + 2e−β(−1−E−)
+ 7eβE− + 2e−β(1−E−) + 2e−β(∆−E−), (28b)
for the anti-ferromagnetic product of four rising/lowering
operators as in Eq. (17). This result is plotted in Fig. 5
for four values of β as a function of ∆. Since ∆ sets
the energy scale in this problem, we expect the Bell cor-
relation to vanish for β . ∆, as confirmed in the plot.
Interestingly, even for quite large β = 2, the correlation
still cannot be modelled with a two-particle entangled
state around ∆ = 1. In the limit of T → 0 we obtain
E4 = 1
16
(
1 +
∆√
8 + ∆2
)2
. (29)
This is bigger than the LHV limit 2−4 iff ∆ > 0. It
also crosses other entanglement/non-locality limits. For
instance, when ∆ > 2
√√
2− 1, then E4 > 2−3, which
means that the correlator can be reproduced only with
four-spin entangled system where also all four spins are
non-locally correlated.
These results shows that the hierarchy provides in-
sights into a quantum-mechanical features of many-body
systems also at finite temperatures.
6FIG. 6. The ground state correlators E10 and E8 for the XXZ
spin chain of length N = 10 as a function of the anisotropy
∆. We show the analytic results (grey points) of Bethe
Ansatz (30) and results of numerical diagonalization (black
solid line) of the XXZ Hamiltonian (20).
2. Bethe Ansatz solution
The XXZ spin chain can be exactly solved with the
Bethe Ansatz technique. In Appendix A we recall the
main ingredients of the solution that give us direct access
to the correlator EN in the ground state
EN =
∣∣χ(ON |λN/2)∣∣2 · ∣∣χ(EN |λN/2)∣∣2 , (30)
where χ(EN |λN/2) and χ(ON |λN/2) describe the an-
tiferromagnetic components of the ground state wave-
function. Lower order correlators are also accessible. The
details of the notation are presented in Appendix A. We
also compute Em with the help of exact diagonalization.
Figure 6 shows the results for N = 10, compared with the
outcome of the numerical diagonalization of the Hamil-
tonian (20).
B. Majumdar-Ghosh model
Finally, we consider the Majumdar-Ghosh model [53,
54] with periodic boundary conditions, depicted by the
Hamiltonian
Hˆ =
∑
{j}
~ˆσ(j)~ˆσ(j+1) +
1
2
∑
{j}
~ˆσ(j)~ˆσ(j+2). (31)
Its (translationally invariant) ground state
|ψ〉 = N−1 (|ψ1〉+ |ψ2〉) (32)
is a superposition of two products of singlet states
|ψ1〉 =
N
2 −1⊗
j=0
| ↑2j+1, ↓2j+2〉 − | ↓2j+1, ↑2j+2〉√
2
(33a)
|ψ2〉 =
N
2 −1⊗
j=0
| ↑2j+2, ↓2j+3〉 − | ↓2j+2, ↑2j+3〉√
2
. (33b)
Here, N stands for the normalization. The explicit con-
struction of the ground state for arbitrary N allows for
analytic computations of the antiferromagnetic correla-
tor, as in Eq. (17). For N/2 even we obtain (for details,
see Appendix B)
EN = 1
(1 + 2N/2−1)2
, (34)
which brakes the Bell limit 2−N (and therefore also the
entanglement limit 2−2N ). The lower order correlations
are also accessible. For EN−2 we find
EN−2 = 1
4
EN . (35)
We observe that breaking the Bell limit is solely because
the ground state is the superposition of |ψ1〉 and |ψ2〉
states. Indeed, the Em correlator on |ψ1〉 is equal to
2−m and it is the add-mixture of |ψ2〉 that lifts it above
the threshold. Thus the ground state of the Majumdar-
Ghosh model is a simple example of a state for which the
hierarchy of the correlators breaks the Bell limit.
IV. CONCLUSIONS AND OUTLOOK
We have demonstrated that the multi-particle entan-
glement and the Bell non-locality in many-body systems
of spin-1/2 particles can be traced-back to a single el-
ement of the density matrix. We have shown that the
value of this element contains information about the
number of entangled/Bell-correlated spins. This allows
to track how the quantum features expand over a large
distance and number of particles, for instance in spin-
chains. This method could be used to tailor and wit-
ness highly non-classical effects in many-body systems
with possible applications to quantum computing, ultra-
precise metrology or large-scale tests of quantum me-
chanics. Furthermore, the observable, formation proba-
bility, is accessible experimentally with the current state-
of-art in the field of quantum simulators.
We have also shown that the lower order correlators de-
tect a quantum phase transition: the critical value being
correlated with the maxima of the correlators. Optimally,
we would like to have a quantity that exhibits a singular
behaviour at the phase transition. Whether such quan-
tity can be constructed from Em is an interesting open
problem.
7The results of our work create a new incentive to study
formation probabilities and further extend existing tech-
niques of their computations in the Bethe Ansatz models.
Another interesting problem would the be computation
of the thermodynamic limit of EN/2, given its relation to
the quantum phase transition, with the techniques of the
asymptotic expansion [41, 70].
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Appendix A: Correlations in the XXZ spin chain
Bethe Ansatz provides us with exact eigenstates of the
system expressed as a superposition of states in the local
spin basis [38, 78]
|ΨM (λM )〉 = 1
M !
N∑
m1,...,mM=1
χ(mM |λM )|mM 〉, (A1)
where
|mM 〉 = σˆ(m1)− · · · σˆ(mM )− |0〉+, (A2)
and |0〉+ is the fully polarized state with all the spins up.
Here bold symbol denotes set, λM = {λj}Mj=1. The am-
plitude χ(mM |λM ) is determined by the Bethe Ansatz
methods and is parametrized by the rapidities λM solv-
ing the Bethe equations
θ1(λj) =
2piIj
N
− 1
N
M∑
k=1
θ2(λj − λk), j = 1, . . . ,M,
(A3)
The momentum and two-body scattering phase shift in
the gappless phase (|∆ < 1|) are
p(λ) = i log
cosh(λ− iη)
cosh(λ+ iη)
, (A4)
θ(λ) = i log
sinh(2iη + λ)
sinh(2iη − λ) . (A5)
The quantum numbers Ij in (A3) for a ground state (in
the zero external magnetic field) are IGSj = −M+12 + j
for j = 1, . . . ,M with M = N/2. The amplitudes are
χ(mM |λM ) = 1|NM |
∑
σ∈PM
(−1)|σ| exp
−i M∑
j=1
mjp(λσj )

× exp
− i
2
∑
k>j
θ(λσk − λσj )
 .
(A6)
where the normalization NM is
|NM |2 = detGM∏M
j=1K1(λj)
, (A7)
and guarantees that 〈ΨM |ΨM 〉 = 1. The factors appear-
ing in the normalization are the Gaudin matrix
Gjk = δjk
(
NK1(θj)−
M∑
m=1
K2(λj − λm)
)
+K2(λj−λk).
(A8)
and functions
K1(λ) =
sin 2η
cosh(λ− iη) cosh(λ+ iη) , (A9)
K2(λ) =
sin 4η
sinh(λ− 2iη) sinh(λ+ 2iη) . (A10)
The representation of the wave-function in the Bethe
Ansatz solvable systems is specifically convenient for
computation of the correlation functions Em. It follows
directly that
EN = |χ(ON |λM )|2 · |χ(EN |λM )|2 , (A11)
whereas a lower order correlation function is
EN−2 =
∣∣∣χ∗(ON−2, N |λM )χ(EN−2, N |λM )
+ χ∗(ON−2, N−1|λM )χ(EN−2, N−1|λM )
∣∣∣2. (A12)
Here Em = {2, 4, . . . ,m} and Om = {1, 3, . . . ,m− 1}.
Appendix B: Correlations in the Majumdar-Ghosh
model
In this Appendix we derive results for the correla-
tions in the Majumdar-Ghosh model which we use in
the main text. W consider a chain of N sites with N
even and periodic boundary conditions. The ground state
|ψ〉 = N−1(|ψ1〉 + |ψ2〉) of the Majumdar-Ghosh model
is a superposition of two (normalized) states [53, 54]
|ψ1〉 =
N
2 −1⊗
j=0
1√
2
(| ↑2j+1, ↓2j+2〉 − | ↓2j+1, ↑2j+2〉) (B1)
|ψ2〉 =
N
2 −1⊗
j=0
1√
2
(| ↑2j+2, ↓2j+3〉 − | ↓2j+2, ↑2j+3〉) . (B2)
8Norm of the ground state is then
N 2 = 2−N/2+2
(
1 + 2N/2−1
)
, (B3)
for the two states |ψi〉 are not orthogonal. We use the
following notation for the antiferromagnetic correlator for
even m,
Aˆm = σˆ(1)+ σˆ(2)− · · · σˆ(m−1)+ σˆ(m)− , (B4)
This gives
〈ψ1,2|AˆN |ψ1,2〉 =
(
−1
2
)N/2
, (B5a)
〈ψ2,1|AˆN |ψ1,2〉 =
(
1
2
)N/2
. (B5b)
which leads to the correlator
〈ψ|AˆN |ψ〉 = 1 + (−1)
N/2
2
1
1 + 2N/2−1
, (B6)
yielding, for N/2 even, the EN reported in the main text.
We also compute EN−2 (as EN−1 = 0). To this end we
observe that
〈ψ1|AˆN−2|ψ1〉 =
(
−1
2
)N/2−1
, (B7a)
〈ψ2|AˆN−2|ψ1〉 = −
(
1
2
)N/2
, (B7b)
〈ψ2|AˆN−2|ψ2〉 = 0. (B7c)
Therefore
〈ψ|AˆN−2|ψ〉 = −1
2
1
1 + 2N/2−1
. (B8)
[1] S. Sachdev, Quantum Phase Transitions (Cambridge
University Press, 1999).
[2] V. Giovannetti, S. Lloyd, and L. Maccone, Science 306,
1330 (2004).
[3] J. Tura, R. Augusiak, A. B. Sainz, T. Vértesi, M. Lewen-
stein, and A. Acín, Science 344, 1256 (2014).
[4] L. Pezzè, A. Smerzi, M. K. Oberthaler, R. Schmied,
and P. Treutlein, Reviews of Modern Physics 90, 035005
(2018).
[5] C. Monroe, Nature 416, 238 (2002).
[6] B. Zeng, X. Chen, D.-L. Zhou, and X.-G. Wen, Quan-
tum Information Meets Quantum Matter (Springer, New
York, 2019).
[7] I. M. Georgescu, S. Ashhab, and F. Nori, Reviews of
Modern Physics 86, 153 (2014).
[8] J. Esteve, C. Gross, A. Weller, S. Giovanazzi, and
M. Oberthaler, Nature 455, 1216 (2008).
[9] M. F. Riedel, P. Böhi, Y. Li, T. W. Hänsch, A. Sinatra,
and P. Treutlein, Nature 464, 1170 (2010).
[10] C. Gross, T. Zibold, E. Nicklas, J. Esteve, and M. K.
Oberthaler, Nature 464, 1165 (2010).
[11] I. D. Leroux, M. H. Schleier-Smith, and V. Vuletić, Phys.
Rev. Lett. 104, 250801 (2010).
[12] H. Strobel, W. Muessel, D. Linnemann, T. Zibold, D. B.
Hume, L. Pezzé, A. Smerzi, and M. K. Oberthaler, Sci-
ence 345, 424 (2014).
[13] I. Bloch, J. Dalibard, and S. Nascimbène, Nature Physics
8, 267 (2012).
[14] W. Hofstetter and T. Qin, Journal of Physics B: Atomic,
Molecular and Optical Physics 51, 082001 (2018).
[15] A. Browaeys and T. Lahaye, Nature Physics 16, 132
(2020).
[16] F. Schmidt-Kaler, H. Häffner, M. Riebe, S. Gulde, G. P.
Lancaster, T. Deuschle, C. Becher, C. F. Roos, J. Es-
chner, and R. Blatt, Nature 422, 408 (2003).
[17] T. R. Tan, J. P. Gaebler, Y. Lin, Y. Wan, R. Bowler,
D. Leibfried, and D. J. Wineland, Nature 528, 380
(2015).
[18] H. Häffner, W. Hänsel, C. Roos, J. Benhelm, M. Chwalla,
T. Körber, U. Rapol, M. Riebe, P. Schmidt, C. Becher,
et al., Nature 438, 643 (2005).
[19] R. Blatt and D. Wineland, Nature 453, 1008 (2008).
[20] S. Korenblit, D. Kafri, W. C. Campbell, R. Islam, E. E.
Edwards, Z.-X. Gong, G.-D. Lin, L.-M. Duan, J. Kim,
K. Kim, and C. Monroe, New Journal of Physics 14,
095024 (2012).
[21] R. Blatt and C. F. Roos, Nature Physics 8, 277 (2012).
[22] J. G. Bohnet, B. C. Sawyer, J. W. Britton, M. L. Wall,
A. M. Rey, M. Foss-Feig, and J. J. Bollinger, Science
352, 1297 (2016).
[23] A. A. Houck, H. E. Türeci, and J. Koch, Nature Physics
8, 292 (2012).
[24] A. D. Córcoles, E. Magesan, S. J. Srinivasan, A. W.
Cross, M. Steffen, J. M. Gambetta, and J. M. Chow,
Nature communications 6, 1 (2015).
[25] J. Plantenberg, P. De Groot, C. Harmans, and J. Mooij,
Nature 447, 836 (2007).
[26] P. Calabrese and J. Cardy, Journal of Statistical Mechan-
ics: Theory and Experiment 2004, P06002 (2004).
[27] M. B. Hastings, Journal of Statistical Mechanics: Theory
and Experiment 2007, P08024 (2007).
[28] F. Franchini, A. R. Its, and V. E. Korepin, Journal
of Physics A: Mathematical and Theoretical 41, 025302
(2007).
[29] V. Alba, L. Tagliacozzo, and P. Calabrese, Phys. Rev. B
81, 060411 (2010).
[30] V. Alba, M. Haque, and A. M. Läuchli, Journal of Statis-
tical Mechanics: Theory and Experiment 2012, P08011
(2012).
[31] N. Laflorencie, Physics Reports 646, 1 (2016).
[32] S. Wald, R. Arias, and V. Alba, Journal of Statisti-
cal Mechanics: Theory and Experiment 2020, 033105
(2020).
[33] K. Życzkowski, P. Horodecki, A. Sanpera, and M. Lewen-
stein, Phys. Rev. A 58, 883 (1998).
9[34] P. Calabrese, L. Tagliacozzo, and E. Tonni, Journal
of Statistical Mechanics: Theory and Experiment 2013,
P05002 (2013).
[35] P. Ruggiero, V. Alba, and P. Calabrese, Physical Review
B 94 (2016).
[36] R. Islam, R. Ma, P. M. Preiss, M. Eric Tai, A. Lukin,
M. Rispoli, and M. Greiner, Nature 528, 77 (2015).
[37] P. Hauke, M. Heyl, L. Tagliacozzo, and P. Zoller, Nature
Physics 12, 778 (2016).
[38] V. E. Korepin, N. M. Bogoliubov, and A. G. Izer-
gin, Quantum Inverse Scattering Method and Correlation
Functions (Cambridge Univ. Press, Cambridge, 1993).
[39] M. Shiroishi, M. Takahashi, and Y. Nishiyama, Journal
of the Physical Society of Japan 70, 3535 (2001).
[40] A. V. Razumov and Y. G. Stroganov, Journal of Physics
A: Mathematical and General 34, 3185 (2001).
[41] A. G. Abanov and F. Franchini, Physics Letters A 316,
342 (2003).
[42] R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[43] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47,
777 (1935).
[44] J. S. Bell, Physics 1, 195 (1964).
[45] N. Brunner, D. Cavalcanti, S. Pironio, V. Scarani, and
S. Wehner, Rev. Mod. Phys. 86, 419 (2014).
[46] J. F. Sherson, C. Weitenberg, M. Endres, M. Cheneau,
I. Bloch, and S. Kuhr, Nature 467, 68 (2010).
[47] K. Kim, S. Korenblit, R. Islam, E. E. Edwards, M.-S.
Chang, C. Noh, H. Carmichael, G.-D. Lin, L.-M. Duan,
C. C. J. Wang, J. K. Freericks, and C. Monroe, New
Journal of Physics 13, 105003 (2011).
[48] J. Simon, W. S. Bakr, R. Ma, M. E. Tai, P. M. Preiss,
and M. Greiner, Nature 472, 307 (2011).
[49] H. Bernien, S. Schwartz, A. Keesling, H. Levine, A. Om-
ran, H. Pichler, S. Choi, A. S. Zibrov, M. Endres,
M. Greiner, and et al., Nature 551, 579 (2017).
[50] S. de Léséleuc, S. Weber, V. Lienhard, D. Barredo, H. P.
Büchler, T. Lahaye, and A. Browaeys, Physical Review
Letters 120 (2018).
[51] S. Murmann, F. Deuretzbacher, G. Zürn, J. Bjerlin, S. M.
Reimann, L. Santos, T. Lompe, and S. Jochim, Phys.
Rev. Lett. 115, 215301 (2015).
[52] T. Graß and M. Lewenstein, EPJ Quantum Technology
1, 8 (2014).
[53] C. K. Majumdar and D. K. Ghosh, Journal of Mathe-
matical Physics 10, 1388 (1969).
[54] C. K. Majumdar, Journal of Physics C: Solid State
Physics 3, 911 (1970).
[55] P. Hyllus, W. Laskowski, R. Krischek, C. Schwemmer,
W. Wieczorek, H. Weinfurter, L. Pezzé, and A. Smerzi,
Physical Review A 85, 022321 (2012).
[56] G. Tóth, Physical Review A 85, 022322 (2012).
[57] S. R. White, Phys. Rev. Lett. 69, 2863 (1992).
[58] U. Schollwöck, Rev. Mod. Phys. 77, 259 (2005).
[59] U. Schollwöck, Annals of Physics 326, 96 (2011).
[60] R. Orús, Nature Reviews Physics 1, 538 (2019).
[61] E. G. Cavalcanti, C. J. Foster, M. D. Reid, and P. D.
Drummond, Phys. Rev. Lett. 99, 210405 (2007).
[62] Q. He, P. Drummond, and M. Reid, Physical Review A
83, 032120 (2011).
[63] E. Cavalcanti, Q. He, M. Reid, and H. Wiseman, Phys-
ical Review A 84, 032115 (2011).
[64] R. Bücker, A. Perrin, S. Manz, T. Betz, C. Koller, T. Plis-
son, J. Rottmann, T. Schumm, and J. Schmiedmayer,
New Journal of Physics 11, 103039 (2009).
[65] R. Dall, A. Manning, S. Hodgman, W. RuGway, K. V.
Kheruntsyan, and A. Truscott, Nature Physics 9, 341
(2013).
[66] D. K. Shin, B. M. Henson, S. S. Hodgman, T. Wasak,
J. Chwedeńczuk, and A. G. Truscott, Nature Commu-
nications 10, 4447 (2019).
[67] R. Lopes, A. Imanaliev, A. Aspect, M. Cheneau, D. Bo-
iron, and C. I. Westbrook, Nature 520, 66 (2015).
[68] Q. He, E. Cavalcanti, M. Reid, and P. Drummond, Phys.
Rev. A 81, 062106 (2010).
[69] A. G. Abanov, in Applications of Random Matrices in
Physics, edited by É. Brézin, V. Kazakov, D. Serban,
P. Wiegmann, and A. Zabrodin (Springer Netherlands,
Dordrecht, 2006) pp. 139–161.
[70] A. G. Abanov, arXiv: cond-mat/0504307 (2005).
[71] J. Stolze and T. Garske, arXiv:0904.3519 (2009).
[72] M. A. Rajabpour, EPL (Europhysics Letters) 112, 66001
(2015).
[73] A. Morin-Duchesne, C. Hagendorf, and L. Cantini, Jour-
nal of Physics A: Mathematical and Theoretical 85,
022322 (2020).
[74] M. N. Najafi and M. A. Rajabpour, Physical Review B
101 (2020).
[75] M. Beccaria, M. Campostrini, and A. Feo, Phys. Rev. B
76, 094410 (2007).
[76] A. K. Chandra and S. Dasgupta, Phys. Rev. E 75, 021105
(2007).
[77] A. Nagy, New Journal of Physics 13, 023015 (2011).
[78] F. Franchini, Lecture Notes in Physics (2017).
